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1. (a) You have 200 feet of fencing available to construct a rectangular pen with a fence divider
down the middle (see below). What dimensions of the pen enclose the largest total area?
(b) If you need 2 dividers, what dimensions of the pen enclose the largest area?
(c) What are the dimensions in parts (a) and (b) if one edge of the pen borders on a river and
does not require any fencing?

x X

Y Y Y

X X

(1a)
Let x = width of each rectangle, in feet.
Let v = height each rectangle, in feet
Let 4 = total enclosed area, in square feet.

A= (2xp
We want to maximize A4, but we need 4 to be a function
of a single variable.

total length of fencing = 200f = 4x + 3v
2003— 4x

=y =

— A_(_\,) — (2.\,)( 2003— 4x )

S Ax) = @x— %_\'2

The total length of fencing constrains x
to satisfy 0= 4x =200 =02 x = 50
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Al = =1ox - 200 g

3
= —16x+400 = 0
= 16x = 400
— = 200 _ 55
=*=795 T
— = 200 - 4(25) _ 1oo
- 3 3

This is the only critical point, but we should still verify that the
area is maximized.

We could use the first or second derivative test,

but on a closed interval, we need only compare the value at the
critical point with the values at the endpoints.

425) = 2058) (1908 = 300 g2 <[ 1666. 787

A(0) = 2(0)(%) o
A(50) = 2(50)(—200 ShiED ) = 2(50)( 200200y [o4?]

The dimensions of the pen are 2x by 1,

or | 50f x %ﬂ&

(1b) With 2 dividers, we use the same approach.

3. Suppose you decide to fence the rectangular garden in the corner of your yard. Then two sides
of the garden are bounded by the yard fence which is already there, so you only need to use the
80 feet of fencing to enclose the other two sides. What are the dimensions of the new garden of
largest area? What are the dimensions of the rectangular garden of largest area in the corner of
the yard if you have F feet of new fencing available?

A %
X
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Let x = base of rectangle
Let v = height of rectangle
Let 4 = area of rectangle

2x+ 2y = 801t
A=xy

We must maximize A.

80—-2x _40-x

y=

= A(x) = x(40 - x)
The total length of fencing = 0 < 2x = 80 = 0 =< x = 40

)

A(x) = 40x — x?
A(x)=40-2x =0
= 2x = 40
~f=20]
y=40-20=20%
We need only compare the areas at the critical point and
at the endpoints of the interval.

A(20) = (208)(40& — 20f) =| 400>

A(0) = (0R)(40% — OR) =

A(40) =(40R)(40f — 40R) =[08? |

-, the dimensions of the gardent are | 20t = 20f

With F feet of fencing, we can go through the same calculations as above
replacing the the equation 2x + 2y = 80 with 2x+ 2v = F

You should obtain a square garden of dimensions (?) P (?)

El

5. You have a 10 inch by 10 inch piece < >
of cardboard which you plan to cut \ 4Lx_ end x| |
and fold as shown to form a box al 1
with a top. Find the dimensions of 10 ||z bottom IGT)(‘?
the box which has the largest ") b
volume. —y—= |
[T fx end Ti
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Let I = volume of box

Let x = height of box = side of square corner
Lety = length of end

I = (length of front) (length of end ) (height )
P = (10 — 2)(0)(x)

x+2y=10=2v=10—-x =|v=

10—x
g

V= (10— 2x) (M)(r) = (5-x)(10 —x)x
[ 77— 3 — 1522 + 50|

0=2x=10=[0=x=5]

We need to find any critical points and compare them with the endpoints.

S 15-503 250
1(T) - 38073 <38 113

7(0) = 0° - 15(0)* + 50(0) 0]
(5) = 5° - 15(5)* + 50(5) 0]

5.3
#iﬂ = 2. 1132

o 15-58
5 g -
y=——3 (253 53 94340

2

3 3

10— 2x = 10—2(ﬂ> =10 B =5 7735m

M y1=x3-15.x2450-x (=

[]v2:0
[]v3:0
[Jva:0
[Jw5:0

[Jv6:0
e |
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7. (a) Determine the dimensions of the least expensive cylindrical can which will hold 100 cubic
inches if the materials cost 2¢, 5¢ and 3¢ respectively for the top, bottom and sides.

(b) How do the dimensions of the least expensive can change if the bottom material costs more

than 5¢ per square inch?

2¢ 5S¢ 3¢
—.

(7a) The instructions must be clarified. The cost of materials are respectively for the top, bottom, and

- ]'112 : ]'112
sides.

Let » = radius of can, in inches
Let i = height of can, in inches

Let I” = volume of can

100
.:'T.?‘:
Area of top = m* = cost of top = 2o
Area of bottom = m* = cost of bottom = 5
Area of side = (circumference ) (height ) = (27)i = cost of side = 6k

V=mh=1000n° = h =

Let C = total cost of materials

- - .
C=2mr + 5mr° + 6mrh

C(r) = 2mrt + St + 6;:}‘(@) = Tort + @

o
We must minimize Ci#).

Because I" = 0, we must have » » 0, so C(») is defined for » = 0.

Clr) = Tt + 600771
= C'[r) = 14m— 30002 =0
- 300 3 300

=y = =

¥ o
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We can use the second derivative test to prove this is a minimum.

C'(r) = %(14::.:'— 300/72 ) = 147r — 60072

=" 147 — 190 | _¢g00 100___ ~ 225.91 = 0

,_(__rsoo ): ,(:rsoo )

- This is a local minimum.
Since there are no other critical points or endpaints,
this is also a global minimum.
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