11-17-25 MTH 263

5.4 Integration by Substitution
page 160: 1, 3, 5, 15, 23, 27

7 Analytic Geometry and Plain Curves
7.5 Hyperbolic Functions
page 246: 1 (for sinh (-x)), 12, 21, 27

5.4:3
A

For Exercises 1-24 evaluate the given integral.
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5.4:27
27. Recall from trigonometry that sin® x = %(1 — cos 2x) for all x.

/4
(a) Use the Fundamental Theorem of Calculus to evaluate f sin x dx .
0

(b) Approximate the integral from part (a) by dividing the interval [0,7] into n = 2 subintervals of
equal length, [0,7/2] and [#/2,7], and finding the exact value of the sum of the areas of the
rectangles whose heights are determined at the right endpoints of the subintervals.

(¢) Repeat part (b) with n =3. 1(
(d) Repeat part (b) with n =4.
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(Pi/6)*(2+sqrt(3))=1.954097233313706

Note: | forgot to square the sine function, but this is still a nice example.

7.5
J

a _ _12n9_190
5 = sector area = ;7 0—2

P =(x,y)
x=cosf =cosa
) = y=sinf =sina
> X

v

Figure 7.5.1 Circular
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P=(x,y)

§ = shaded area

Figure 7.5.2 Hyperbolic
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J sinh x

tanh x

sech x

The hyperbolic sine, hyperbolic cosine, hyperbolic tangent, hyperbolic
cotangent, hyperbolic secant and hyperbolic cosecant, denoted by sinh, cosh,
tanh, coth, sech and csch, respectively, are:

X _ =%
< 28 for all x J cosh x
inh
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Supplied or be able to verify
cosh®x — sinh®x = 1 tanh?x + sech®x = 1 coth®?x — esch?x = 1
sinh(—x) = —sinhx cosh(—x) = coshx tanh(-x) = —tanhx
sech(—x) = sechx csch(—x) = —cschx coth(—x) = —cothx
sinh(u £v) = sinh u coshv £ cosh u sinh v sinh 2x = 2 sinh x cosh x
cosh(u +v) = coshu coshv + sinhu sinhv cosh 2x = cosh®?x + sinh®x
tanhu + tanhv 2 tanh x
tanh(u +v) = tanh2x = ————
1 + tanh u tanhv 1 + tanh®x
Supplied or be able to verify.
. (sinh x) = coshx d (esch x) = —csch x coth x
dx a dx -
—{f‘{\ﬁh ’\/'\ = ein]‘\ N —{Qﬂf‘h ’V" ] —Qﬂ{‘h ¥ fQY\h ks

263-002N Page 4




d
— (sinh x) = coshx
dx

d
— (cosh x) = sinhx
dx

d
— (tanhx) = sech®x
dx

d

—(cschx) = —csch x coth x
dx

d
—(sechx) = —sech x tanh x
dx

d
T (coth x) = —esch®x

fcoshxdx = sinhx + C fcschx cothx dx = —cschx + C
fsinhxdx = coshx + C fsechx tanhx dx = —sechx + C
fsech2x dx = tanhx + C fcschzx dx = —cothx + C
Supplied
function || sinh™!x | cosh™'x | tanh ™ x | esch™x | sech ™ tx | coth™1x
domain all x x=>1 lx]<1 |allx#0 |0<x<1| |x|>1
range all y y=0 all y all y#0 y=0 all y#0
Supplied
sinh™'x = In(x+ Va2 +1) cosh™lx = In(x+Va2—-1) forx>1
1. 1+ 1 +1
tanh™'x = =In i for |x| <1 coth™lx = —lnx— for |x|>1
2 1-x 2 -1
14+vV1—x2 1 /1
sech™1x = ln—x for0<x<1 ecsch™lx = In [—+ —2+1) for x #0
x x x

Supplied or verify, given appropriate formulas

Your Name MTH 263 quiz9  Write each problem

1.

Evaluate analytically, using u-substitution. [ = f;‘xz(x3 + 1dx
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\.v o/

703/6=117.1667 2812-81=703

2. Evaluate #1 I graphically. Sketch a labeled graph.

264.82 [ v

117.2

fl(x)=x2- (x3+1)

X
-8.42 1 11.58]
-41.84
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4. Graphy = (ln)(cx)) and compare the graphical limit with your }’ - ( X )
answer to #3. Sketch a labeled graph. Aq( A l’l/)
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This is nice, but it does not prove that the
function goes to infinity.
£2(x)=

50
217.9

X
50

213.3

It appears that no matter how much we zoom out,
f(x) approaches infinity.
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Sm(nz) -0.215151

» Decimal
6.05 ]y
B(x)=x- cos(xz) =
x=0
-0.2152
0.5 (n O/) x
1.4 0.2 \/ 5.46
4.9

Here is the total shaded area.

3.215

02

-1.26 0:2 ( 0)
T,

2.97

Copilot

Please give me an example of a definite integral requiring u-substitution.
Let me try it before you do the integration.

Great! Here's a definite integral that calls for a classic u-substitution:

] .
/ r-V1+22ds
Jp

This one is perfect for substitution because the derivative of 1 + z appears as part of
the integrand. Give it a shot—try choosing a substitution for u, rewriting the bounds,
and fransforming the integral. Let me know when you're ready to compare notes!
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0.6095

0.2 5

2.28
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Sqrt(2)/2=0.707106781186548
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(1/3)*(27(3/2)-1)=0.6095



