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4 Applications of Derivatives
4.1 Optimization
page 108:1, 3,7, 13, 17

4.2 Curve Sketching
page 118:1,3,9
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4.1

17. A certain jogger can run 0.16 km/min, and walks at half that speed. If he runs along a circular trail
with circumference 50 km and then—before completing one full circle—walks back straight across
to his starting point, what is the maximum time he can spend on the run/walk?
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A function can incregs/e between @ Mpints in difjf&l;ar'lt ways, as shown in Figuldll 1.
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Figure 4.2.f Increasing function f: f' > 0, different signs for f” A V (
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4.1:7

7. The current I in a voltaic cell is .

"B
where E is the electromotive force and R and r are the external and internal resistance, respectively.

Both E and r are internal characteristics of the cell, and hence can be treated as constants. The
power P developed in the cell is P = RI2. For which value of R is the power P maximized?
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4.2

A function can increase between two points in different ways, as shown in Figure 4.2.1.
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Figure 4.2.1 Increasing function f: f’ >0, different signs for f”
informal definition: concave up - curve holds water
concave down - curve spills water
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Figure 4.2.2 Decreasing function f: f’ <0, different signs for f”
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Concavity Theorem: Suppose that f is a twice-differentiable function on [a,b].

Then:

(a) If f"(x) > 0 on (a,b) then f(x) is below the line /(x) joining the points (a, f(a))
and (b, f(b)) for all x in (a, b).

(b) If f"(x) < 0 on (a,b) then f(x) is above the line I(x) joining the points (a, f(a))
and (b, f(b)) for all x in (a, b).
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Memorize

A function f has an inflection point at x = ¢ if the concavity of f changes around
x = c¢. That is, the function goes from concave up to concave down, or vice versa.
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(a) f(x) =«3: inflection point at x =0 (b) f(x)=x*: non-inflection point at x =0

Figure 4.2.3 Inflection vs non-inflection point at x = 0 with f”(0)=0
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Memorize

First Derivative Test: For a continuous function f on an interval I, let x = ¢ be

a number in I such that f(c) is defined, and either f'(c) = 0 or f'(c) does not exist.

Then:

(a) If f'(x) changes from negative to positive around x = ¢ then f has a local mini-
mum at x =c.

(b) If f'(x) changes from positive to negative around x = ¢ then f has a local max-
imum at x = c.

(%2}

upplied but not used in this class

Nth Derivative Test: A function f with continuous derivatives of all orders up
to and including n > 1 at x = ¢ has either a local minimum, local maximum or
inflection point at x = ¢ if and only if

FB) =0 fork=1,2,...,n-1 and ™) # 0

(i.e. the n' derivative is the first nonzero derivative at x = ¢). If so, then:
(a) If n>1is even and f™(c) > 0 then f has a local minimum at x = c.

(b) If n>11is even and f™(c) <0 then f has a local maximum at x = c.

(c¢) If n>11is odd then f has an inflection point at x = c.

4.2

For Exercises 1-8 sketch the graph of the given function. Find all local maxima and minima, inflection
points, where the function is increasing or decreasing, where the function is concave up or concave
down, and indicate any asymptotes.

2. f(x) = x3—3x2 +1

Defined for all x
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