09-24-25 MTH 263

2.2 Trigonometric Functions and Their Inverses
page 54:1,4,5,15

2.3 The Exponential and Natural Logarithm Functions
page 62:1,5,7,9, 13,17, 19

20 remaining class meetings before final exam
18 textbook sections
About 1 section per class meeting

2.2:4

A
For Exercises 1-16, find the derivative of the given function y = f(x).

4. y = cos(tanx)
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2.2:5
5. y = tan"1(x/3)
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23

e = lim (1 + —) 2.1)

X—00

The approximate value of is e = 2.71828182845905... (often called the Euler number).

Supplied



1\ 1\%\V* 1 1
ez(1+—) = el/xz((1+—)) =14- = (el/x—l)x:(—)le,
X X X X

so letting & = 1/x, and noting that & = 1/x — 0 if and only if x — oo, yields the useful limit:®

ho_
=Ly 2.2)
h—0

d X X

= (e”] = e

Proof: Using the limit definition of the derivative for f(x) = e”, L\
xth % _h

d A me fx+h) — fx) o eXth _ ox e =€ ’ e
e T
et (e - 1 h _ 1
= }Lin(l) % =e*. 117,in(1) ¢ (since e* does not depend on h)
=e"-1=¢"
QED
Memorize
domainofInx = allx>0 = rangeofe”
rangeof Inx = allx = domain of e*
y =¢e* ifandonlyif x =Iny (2.3)
e = x forallx>0 (2.4)
In(e*) = x forallx (2.5)
Memorize
In(ab) = Ina + Inb e?-e® = o*h
a
ln(%) =Ina - Inb Z—b = ¢
Ina® = bIna (e%)° = e
In1 =0 eV =1

Memorize the result

263-002N Page 3



To find the derivative of y =In x, use x = e¢”:

v 1t _1_1
dx gx_y g_y(ey) ey x
Hence:
d
a(lnx) = —

How did you derive the formula for the derivative of the In(x)?

b

The derivative of In(z) can be derived from the limit definition of the derivative and the properties of
logarithms.

Here's a step-by-step look at the derivation:

Step 1: The Limit Definition of the Derivative

The fundamental definition of a derivative is given by the formula:

For our function, f(x) = In(z), we substitute this into the formula:

d . In(z + h) — In(z)
g 18(@)) = lim ——————

Step 2: Applying Logarithm Properties

Using the logarithm rule In(a) — In(b) = In(a/b), we can simplify the numerator:

1 z+h
limM:Hmlln 1—l—ﬁ
h—0 h h—0 h T

Using another logarithm rule, cIn(a) = In(a®), we move the  inside the logarithm:

B\ Uk
lim In (1 + —>
h—0 T
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Step 3: Relating the Limit to the Number e

The key to solving this limit is to recognize its connection to the definition of the mathematical constant

1 n
e = lim (1 + —)
n—ro00 n

To make our limit look like this, we perform a substitution. Let n = %i As h approaches 0, n approaches

e, which is given by:

infinity. With this substitution, % = % Our limit expression becomes:

h 1/h 1 n/x
In | lim (1 + —) =In| lim (1 + —)
h—0 T n—00 n

We can rewrite this using the property of exponents (ab)C = abe

S

The limit inside the parentheses is exactly the definition of e. Therefore, the expression simplifies to:

In (el/ z)

Step 4: Final Simplification

Using the logarithm rule In(a®) = bIn(a) and the fact that In(e) = 1, we get the final result:

1 1 1
— 1 =0 —_ 1 e
T n(e) T T

Thus, the derivative of In(z) is .

Now that you've seen the derivation, would you like to apply this rule to a more complex function, such
as finding the derivative of y = In(x3 + 2z) using the chain rule?

Memorize

d 1
a(lnlxl) =2

Logarithmic Differentiation
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Supplied, or | could ask you to derive it: half-life formula for radioactive decay

In2 In 2
R (2.6)
k tg

2.3
d n .
14. Show that - (In (x™)) = — for all integers n > 1.
x

L,—c'e h =\
w o d =L
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Quick introduction to 2.4



