09-17-25 MTH 263

Took exam 1

2 Derivatives of Common Functions
2.1 Inverse Functions
page 50: 1, 3,5

Gemini
2.5 Flash =

What is the derivative of the inverse of f(x)?

'

The derivative of the inverse of a function f(z) is given by the formula:

1

d =l _ —1y/ ) =

This is a direct application of the Inverse Function Theorem. It states that the derivative of the inverse

function at a point  is the reciprocal of the derivative of the original function evaluated at the inverse
point f~1(z).

Would you like me to demonstrate how to use this formula with an example, such as finding the
derivative of the inverse of f(z) = z2?

V4 Yes, please.
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By finding the derivative of f(z) = x2 and its inverse function f~!(z) = \/z, we can verify the Inverse

Function Theorem.

First, we find the derivatives of both functions:

« The derivative of the original function f(z) = z2is f'(z) = 2.
1

o The derivative of the inverse function f~(z) = /zis (f 1) (z) = 5

Next, we apply the Inverse Function Theorem:

« We substitute the inverse function f~1(z) into the derivative of the original function f'(z), which
gives us f'(f(z)) = 2.
i 11
* Then we take the reciprocal: FE@) = 2/

As you can seg, the result from the formula, 2\% matches the derivative of the inverse function

calculated directly, (f71)'(z) = 2\%

Would you like to try this with another function, or explore a different concept in calculus?

Definition: A function f(x) is one-to-one (1-1) if :; (/)( l) - f / ).)
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Memorize

Derivative of an Inverse Function: If vy = f(x) is differentiable and has an inverse
function x = £ ~1(y), then 7! is differentiable and its derivative is

dx 1 dy
B o= it Py
dy % ! alx;é

X

Example 2.1

Find the inverse ! of the function f(x) = x® then find the derivative of f~1.

Solution: The function y = f(x) = x3 is one-to-one over the set of all real numbers (why?) so it has an
inverse function x = f~!(y) defined for all real numbers, namely x = f~1(y) = V.

The derivative of £ 1 is

dx 1 1
— = — = — , which is in terms of x, so putting it in terms of y yields
dy dy 3x2
dx
3 1 1
3 ( W)2 3 y2/3

which agrees with the derivative obtained by differentiating x = {/y directly. Note that this derivative
is defined for all y except y = 0, which occurs when x = v0 =0, i.e. at the point (x,y) = (0, 0).
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Example 2.2

Find the inverse f~! of the function f(x) = x3 then find the derivative of f~1.

Solution: Rewrite y = f(x) = x® as x = f(v) = y3, so that its inverse function vy = f~'(x) = &% has deriva-
tive

dy

1
— = 73 - Whichisin terms of y, so putting it in terms of x yields
dx o 3y

& _ &
3(\3/;)2 - 3x2/3

which agrees with the derivative obtained by differentiating y = ¥x directly.

1
"(x)

FY (@) = if £'(x)#£0

~

Two equivalent ways to write this are:

1

(f_l)/(c) = @) where ¢ = f(a) and f'(a)#0

and

/ 1
(F) @ = Tt if £'(F @) #0

y =5 ~) = (%
F.d -
56( JC (’)‘)
Fly) 2%
Al g7 ) = >

A

263-002N Page 4

R




P A



