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7.5 Hyperbolas
7.5.1 Exercises
page 541(553): 3, 10, 14
10 Foundations of Trigonometry
10.1 Angles and their Measure
10.1.2 Exercises
page 709 (721): 9, 15, 17, 30, 35, 39, 41, 50

10.2 The Unit Circle: Cosine and Sine
10.2.2 Exercises
page 736 (748): 2, 7, 15, 21, 28, 31, 49, 50, 55
10.3 The Six Circular Functions and Fundamental Identities
10.3.2 Exercises
page 759 (771): 1, 7, 11, 21, 35, 59, 79, 86, 91, 129
10.4 Trigonometric Identities
10.4.1 Exercises
page 782 (794): 3, 14, 22a, 32,43, 49

14 required textbook sections
7 class meetings
2 or 3 sections per class meeting

A diller, a dollar,

a witless trig scholar

on a ladder against a wall.
Should length over height
make an angle too slight,

the cosecant may prove his

downfall.

Copilot

Background and Analysis
¢ Original rhyme: The first line, “A dillar, a dollar,”
comes from a well-known nursery rhyme dating
back to the 19th century:
o Adiller, a dollar,
Aten o’clock scholar,
What makes you come so soon?
You used to come at ten o’clock,
But now you come at noon.

10.2

Memorize

uwl civele
P(eos(0),sin(9) ¢ pptpr (0 0)

'y 2 ) adins (
N 1A

167-004N Page 1



S AR R cewnigr 1vyY)

'l 2 ) Ladins (
0

% } -
- Q=X
JI\,. 9: Y
* 1
x Yy 2 |
e 8t m‘es\, e o }C
fy the s 16 cden\ily

Y Yy
1 1
P(z\/ W P(*é’% | N . (§%
- 6
g \ . ‘ z ¢ \\% |

—
-

Memorize

Theorem 10.2. Reference Angle Theorem. Suppose « is the reference angle for §. Then
cos() = £ cos(a) and sin(f) = =+ sin(«), where the choice of the (£) depends on the quadrant
in which the terminal side of @ lies.

Memorize

Cosine and Sine Values of Common Angles
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Memorize

(Ov 71)

Important Points on the Unit Circle

All students take calculus -mnemonic device

Memorize

Theorem 10.3. If Q(z,y) is the point on the terminal side of an angle 6, plotted in standard
position, which lies on the circle 22 + y? = 72 then z = r cos(d) and y = rsin(f). Moreover,

O ) = 2 = Y
COS(G)_T_\/W and sm(e)—r—\/m

Memorize

Equation 10.3. Suppose an object is traveling in a circular path of radius r centered at the
origin with constant angular velocity w. If ¢ = 0 corresponds to the point (7,0), then the z and
y coordinates of the object are functions of ¢ and are given by = = r cos(wt) and y = rsin(wt).
Here, w > 0 indicates a counter-clockwise direction and w < 0 indicates a clockwise direction.
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Memorize

Theorem 10.4. Suppose 6 is an acute angle residing in a right triangle. If the length of the
side adjacent to 6 is a, the length of the side opposite € is b, and the length of the hypotenuse

is ¢, then cos(f) = % and sin(f) = =

thyp

o'

. e

Theorem 10.5. Domain and Range of the Cosine and Sine Functions:
e The function f(t) = cos(t) e The function g(t) = sin(t)
— has domain (—o0, 00) — has domain (—o0, )
— has range [—1,1] — has range [—1,1]
2711y

fl (x) =sin(x)

76 0.5 \8.93
T
B(x)=sin(x+—)

f2 (x) =cos (x)

-1 = 1o (% *g)

2.92

10.3 memorize
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Definition 10.2. The Circular Functions: Suppose 6 is an angle plotted in standard position
and P(z,y) is the point on the terminal side of § which lies on the Unit Circle.

e The cosine of 6, denoted cos(f), is defined by cos(6) = .

o The sine of §, denoted sin(6), is defined by sin(6) = y.

e The secant of 6, denoted sec(f), is defined by sec(f) = l, provided z # 0.
7
1
e The cosecant of 0, denoted csc(f), is defined by csc(f) = 7 provided y # 0.

e The tangent of 0, denoted tan(f), is defined by tan(f) = %, provided z # 0.

e The cotangent of 6, denoted cot(f), is defined by cot(0) = 3 provided y # 0.

Memorize

Theorem 10.6. Reciprocal and Quotient Identities:

1
e sec(f) = oy provided cos(8) # 0; if cos(f) = 0, sec(d) is undefined.

0s(6)

o csc(f) = sin1(6’)’ provided sin(6) # 0; if sin() = 0, csc(f) is undefined.
sin(6) . . -

o tan(f) = cos(0)’ provided cos() # 0; if cos(f) = 0, tan(f) is undefined.
cos(6) . . e .

e cot(f) = sn(8)’ provided sin(@) # 0; if sin(f) = 0, cot(f) is undefined.
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memorize

Theorem 10.8. The Pythagorean Identities:

1. cos?(0) + sin®(0) = 1.

Common Alternate Forms:

o 1 —sin%(h) = cos?(f)
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Theorem 10.8. The Pythagorean Identities:
L. cos?(6) + sin?(0) = 1.
Common Alternate Forms:

e 1 —5sin%(f) = co

o 1 —cos?(f) =si

=}
[3v) [ &)
i . N
D> D
=

2. 1+ tan?(9) = sec?(f), provided cos(f) # 0.

Common Alternate Forms:
e sec?(f) —tan?(0) =1
e sec’(f) — 1 = tan?(0)
3. 1+ cot?(8) = csc?(#), provided sin(6) # 0.

Common Alternate Forms:

e csc?(0) — cot?() =1
o csc?(6) — 1 = cot?(0)

RS -
sin & Fus © = |

b we’® s L
o f@ w,_@-

e A

(o -b)(# J:l,) <a

Pythagorean Conjugates
e 1 —cos(f) and 1+ cos(): (1 — cos(0))(1 + cos(0)) = 1 — cos?(0) = sin?(0)
e 1 —sin(f) and 1 +sin(f): (1 —sin(0))(1 + sin(6)) = 1 — sin®(0) = cos?(0)

— 1 and sec(f) + 1: (sec(d) — 1)(sec(d) + 1) = sec?(h) — 1 = tan?(f)

—1 and csc(f) + 1: (cse(f) — 1)(esc(0) + (
—cot(#) and csc(f) +cot(6): (csc() —cot(8))(csc(h) +cot(f)) = csc?(8) —cot?(f) = 1

©) ( 1) =

e sec(f) —tan(f) and sec(f)+tan(f): (sec(d)—tan(f))(sec(d)+tan(d)) = sec?(h)—tan?(f) = 1
9) 1) = csc?(0) — 1 = cot?()
©) )
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Strategies for Verifying Identities
e Try working on the more complicated side of the identity.
e Use the Reciprocal and Quotient Identities in Theorem 10.6 to write functions on one side

of the identity in terms of the functions on the other side of the identity. Simplify the
resulting complex fractions.

e Add rational expressions with unlike denominators by obtaining common denominators.

e Use the Pythagorean Identities in Theorem 10.8 to ‘exchange’ sines and cosines, secants
and tangents, cosecants and cotangents, and simplify sums or differences of squares to one
term.

e Multiply numerator and denominator by Pythagorean Conjugates in order to take advan-
tage of the Pythagorean Identities in Theorem 10.8.

o If you find yourself stuck working with one side of the identity, try starting with the other
side of the identity and see if you can find a way to bridge the two parts of your work.

Theorem 10.11. Domains and Ranges of the Circular Functions
o The function f(t) = cos(t) e The function g(t) = sin(t) .
— Ji Gl (=56, 5) — i Gl (—rs,55) MC MO w 1 €
— has range [-1,1] — has range [-1,1]

1

» The function F() =sec(t) = o

£
~ has domain {¢: ¢ # § + 7k, for integers k} = (
h=—oo
has range {u : [u| > 1} = (—o0,—1] U [1, 00)
1

2k + ) (2k+3)7
z ° 9 )

o The function G(t) = csc(t) = e l s
— T Gl (0 A e St B = G (km, (k+ 1)) > Ju 'I) led
— has range {u : [u] > 1} = (=00, ~1] U [1,:5)730
sin(t)

0 Mimimin ) =l = S
cos

oo
has domain { : ¢ # § + mk, for integers k} = U (

k=—o0

(2k+ )7 (2k+3)m
z 7 2 )

~ has range (—00,00)

_ cos(t)

 sin(f)

o The function K (t) = cot(t)

o
has domain {¢ : ¢ # wk, for integers k} = | J (km, (k+ 1))

k=—00

~ has range (—00,00)

| e |

10.4
Memorize
Theorem 10.12. Even / Odd Identities: For ju pplicable angles 6,
e VeM o cos(—6) =cos(d) o sin(—0) g—sin(e) o tan(—6) = — tan(6)
o sec(—0) = sec(f) o cso(—0) = — csc(0) o cot(—0) = — cot(0)
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Memorize

Theorem 10.13. Sum and Difference Identities for Cosine: For all angles « and £,

e cos(a + () = cos(a) cos(f) — sin(a) sin(3)

o cos(a — B) = cos(a) cos(B) + sin(«) sin(3)

PR

P(cos(ap),sin(ag))w . . . g1 oo — b Jisia{etn = a))

| a0 — g0 X Qleos(Bo),sin(8o))

Ve "
[e7s) %
\ﬁo . ao — Bo E |

*

@] 1 =z @] B(1,0) =

*

Theorem 10.14. Cofunction Identities: For all applicable angles 8,
e cos (g - 9) = sin(0) e sec (g - 0) = csc(h) e tan (g - 9) = coi(t)

e sin (% - 9) = cos(6) e csc (% - 0) = sec(0) e cot (g - 9) = tan(6)
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memorize

Theorem 10.15. Sum and Difference Identities for Sine: For all angles o and g,
e sin(a + () = sin(a) cos(8) + cos(a) sin(3)
e sin(a — ) = sin(«) cos(8) — cos(a) sin(p)




Theorem 10.16. Sum and Difference Identities: For all applicable angles o and S,
me W ‘“‘}{ e cos(a=£ f3) = cos(a) cos(B) F sin(«) sin(F)
e sin(a £ () = sin(a) cos(f) £ cos(a) sin(5)
an(«) = tan(3)
Supplied {' tana+ ) = 1t2|2tan(oz)ttan(ﬂ)
woa(k tB) © w-(X) CO»-(EQ — Jm(%)(jme)
_ 2) x b3
taw (7 VE Wl( \ )
| — Tan LL) (’qM(B)
Theorem 10.17. Double Angle Identities: For all applicable angles 6,
cos?(#) — sin?(0
e cos(20) = { 2cos(2()6) -1 | )] e movi le
1 — 2sin?(0) ‘
. in(20) = 2sin(0)cos(e) M EMUW EC
.tan(ze):% JMPP\ l'f(/)
G v (@ tb) 5/{:\,. a)(wbh(w o\)(m. L)
Jevive £ Lo < 2| 9)@»9)
d I (7_9) = o (B +@)
(i G-
B cnd g W
< 9 MG o
Memorize

Theorem 10.18. Power Reduction Formulas: For all angles 0,

e cos?(f) = 1+ c;s(%)
. Sin2(9) _ il = 0(2)3(29)

Memorize



Theorem 10.19. Half Angle Formulas: For all applicable angles 6,

.cos@):i 1+ coolf)

2 2
AN 1 — cos(0)
® SIn (5) = ac f
0\ 1 — cos(6)
[ ] tan (§> — :l: TOS(Q)

where the choice of + depends on the quadrant in which the terminal side of Q lies.

Supplied

Theorem 10.20. Product to Sum Formulas: For all angles o and £,

e cos(a)cos(B) = 3 [cos(a — B) + cos(a + B)]
e sin(a)sin(f8) = —% [cos(av — B) — cos(a+ )]
1
2

e sin(«) cos(B) = 5 [sin(a — B) + sin(a + 5)]

(%2l

upplied

Theorem 10.21. Sum to Product Formulas: For all angles o and S,

o cos(a) + cos(8) = 2cos (M) o (a 2 ﬂ)

9 2

. (at+BY . (a=p
¢ costa) = cos() = ~2in (“5 ) sin (257
e sin(a) +sin(f) = 2sin (a:;:,6’> cos <04 :5 5)

104

In Exercises 59 - 73, verify the identity. Assume all quantities are defined.

62. csc(2g) = U + tan(d) Sty ""ebY
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In Exercises 49 - 58, use the given information about # to find the exact values of

e sin(26) e cos(20) o tan(20)
. (b . 6 5% 0
. = ul Z
sin { 5 cos | 5 an { 3
2
50. cos(f) = £ where 0 < 0 < =

2
Y
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