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11.3 The Law of Cosines

11.3.1 Exercises

page 916 (928): 1, 7,11, 19
11.4 Polar Coordinates

11.4.1 Exercises

page 930 (942): 2, 11,17, 19, 22,37,57,64,72, 85
11.5 Graphs of Polar Equations

11.5.1 Exercises

page 958 (972): 1, 3, 9, 21, 32

11.8 Vectors
11.8.1 Exercises
page 1027 (1039): 1, 11, 29, 33,53
11.9 The Dot Product and Projection
11.9.1 Exercises
page 1045 (1067): 1, 21
8 Systems of Equations and Matrices
8.1 Systems of Linear Equations: Gaussian Elimination
8.1.1 Exercises
page 562:5, 10, 11, 16, 28
8.2 Systems of Linear Equations: Augmented Matrices
8.2.1 Exercises
page574:1,2,3,7,9, 14, 15,18

11.2
Before class notes

25. Find the angle 6 in standard position with 0° < § < 360° which corresponds to each of the
bearings given below.

(a) due west (b) S83°E (¢) N5.5°E (d) due south

2 90°
73
—/(’
A5

11.4: 64

In Exercises 57 - 76, convert the equation from rectangular coordinates into polar coordinates.
Solve for r in all but #60 through #63. In Exercises 60 - 63, you need to solve for

64. 22+ 942 =25

This is the equation of a circle with center (0,0) and radius 5. _—
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rl (6) =4- cos(e)

-6.66 rl: (4,3.142 rad)

11.2

11.2.1 EXERCISES

In Exercises 1 - 20, solve for the remaining side(s) and angle(s) if possible. As in the text, (o, a),
(8,b) and (v, ¢) are angle-side opposite pairs.

11. o =42°, a =39, b=23.5

23.5%sinc42)
39
B8.4831940833
sin~1(0. 48319483330
b 23.772308351

hd
mth [abc [cat [ 20 |EIEIE]
nle[ifo[ 5] [3|afy[=]z
bl E? OEE

4|5[&][*

][+

sin sin-1

cos | cost [1]2]3][+
tan tan! [§ 8. |E
& JcALc JorTH] VAR JEXE
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tan tanl |§|@).|E||ans
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Alg  Decimal Cplx Deg qm]

Textbook answer:
a=42° [~23.78° =~ 114.22°
a=39 b=235 ¢~ 53.15
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11.

11.8
Memorize

39%sin(114.2)/sin(42)
53.16254285

6:]@: (@1 — To, 11 — Yo)

Definition 11.5. Suppose @ is represented by a directed line segment with initial point P (2, ¥o)
and terminal point @ (2,,%;). The component form of ¥ is given by

We can think of a vector as an object that has magnitude and direction.

Q(4,6)

P(1,2)

7=PQ

Memorize

and terminal point @ (z,,y,). The component form of ¥ is given by

=l = (T — To, Y1 — Yo)

Definition 11.5. Suppose  is represented by a directed line segment with initial point P (z, yo)
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P'(=2,3)

over 3
¥ = (3,4) with initial point P’ (—2,3).

Memorize

Definition 11.6. Suppose @ = (v;,v,) and @ = (w,,w,). The vector ¥+ i is defined by

U+ = (v +wy, v, +wp)

g

g

v
Demonstrating the commutative property of vector addition.

Memorize

Theorem 11.18. Properties of Vector Addition

Commutative Property: For all vectors ¢ and o, ¢+ o = o + 7.

Associative Property: For all vectors i, ¢ and @, (@ + %) + @ = @ + (¢ + o).

Identity Property: The vector 0 acts as the additive identity for vector addition. That
is, for all vectors o,

Inverse Property: Every vector ¢ has a unique additive inverse, denoted —. That is,
for every vector ¥, there is a vector —¢ so that

memorize

Definition 11.7. If k is a real number and ¥ = (v,,v,), we define k7 by

kv = k (v1,v:) = (kvy, kv,)

K= _umlnv

— _‘_“‘ Jc‘\-f

vV +0 =<V4/VL>*<0/° >

=V, 10, \/1_1—0>~=
'54\/. /V-._b = V

2 _
-V = '<V\/VL> ¢V, -

Memorize

Theorem 11.19. Properties of Scalar Multiplication

Associative Property: For every vector 7 and scalars k and r, (kr)7 = k(r7).

Identity Property: For all vectors @, 17 = 4.

Additive Inverse Property: For all vectors ¢, —¢ = (—1)%.

Distributive Property of Scalar Multiplication over Scalar Addition: For every
vector ¥ and scalars k and 7,

(k+r)0=kU+r7

Distributive Property of Scalar Multiplication over Vector Addition: For all
vectors @ and W and scalars k,

B(T+ @) = kit + kit

Zero Product Property: If ¥ is vector and k is a scalar, then

n? A fawd el LA .. 2R
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k(¥ + @) = k¥ + k@
e Zero Product Property: If 7 is vector and k is a scalar, then

ki=0 ifandonlyif k=0 or 7=0

> - =_
Prive Ko =20 IHf = or vz

\

Ausane K\‘,"o_‘
ur V=<VI/V),>
kv=<k Vi, K V,_> :'<0J0>
=) )<\/‘:U ,,,,A ka:D
(K—,u ov (/lgo)m'/l k:d aV\/Lt(I
s kea, we ae dune
v KVz0 = v,70
.K} ki’ / \/ -9 \/l“:"
K Vi -
5 \‘,’<(01 o) =V
The converse is easy.

Memorize

Definition 11.8. Suppose 7 is a vector with component form @ = (v,,v,). Let (r,6) be a polar
representation of the point with rectangular coordinates (vs,v,) with r > 0.

e The magnitude of @, denoted [|7]), is given by ||7]| = r = \/v? + v2

o If 7 # 0, the (vector) direction of 7, denoted © is given by & = (cos(6), sin(8))

Taken together, we get @ = (||| cos(d), ||7]| sin(8)).

| VIR o), S|

&7"@—)7’ f1n>(0)
qoe

l

= ) // N “ P l
V MV oa mhlt Ved‘v/ Lecane [ Y
Memorize

Theorem 11.20. Properties of Magnitude and Direction: Suppose ' is a vector.
o ||| >0 and |7 = 0 if and only if 7 = 0
e For all scalars k, ||k ]| = |k|||7]|.

« 17 0 then 7 = |79, so that o = (k) .

[]
Let v=< 1,2
R

v = f,.—, —_—
v |\ nt
Js
Memorize

|Deﬁnition 11.9. Unit Vectors: Let @ be a vector. If [|7]| = 1, we say that ¥ is a unit vector.
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Memorize
Definition 11.10. The Principal Unit Vectors:

e The vector i is defined by % :/w<1’ 0)

e The vector ] is defined by@: (0,1)

Y

Memorize

Theorem 11.21. Principal Vector Decomposition Theorem: Let ¢ be a vector with
component form ¥ = (v, v,). Then ¥ = v;i + v,].

Let V=<3 -
=<y, 0> +<9,- %)
:3<|) 0)"*(4/‘)
A

11.9

Memorize

Definition 11.11. Suppose ¢ and @ are vectors whose component forms are @ = (v;,v,) and
W = (w;, w,). The dot product of ¥ and  is given by

(v, v3) - {wy, wy) = VW, + Vyw,

717 =
>

Let V = < S 1D
w6, %>
I RIOER IR Y

Memorize
Theorem 11.22. Properties of the Dot Product

o Commutative Property: For all vectors ¢ and o, ¥ - @
e Distributive Property: For all vectors @, ¢ and &, @ - (¥ + @) = @ - 0+ @ - 0.
(

e Scalar Property: For all vectors ¢ and @ and scalars k, (k¥) - & = k(7 - @) = ¥ - (k).

¢ Relation to Magnitude: For all vectors #, 7 - 4 = ||7]|2.

Proof of commutative property

D
Let v;< V, VD
w :<'WI, W\->
S D
VW 3<V|’ \/L> '<W, ,WL>

- Viw, '\'V;W\_ (_L/ dt} "J’ dit ’HJML})

- by cum mlalise prifod)
= W\V\ ¥ Wy Ve ( o h.ulf- oJ'm\ AR

167-002N Page 7



Viw, -\'V" W, (L/ d{j of An freamv
g wmmlalise prifet)

= WV, ¥ Wa Ve (L,,ot ma IL. ajm\ nawnbe )
= WV (Vy oy atprded

Pvive \7'\74, \7“‘.~
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ARy
=07l
Memorize

Theorem 11.23. Geometric Interpretation of Dot Product: If ¢ and @ are nonzero
vectors then @ - = ||7]|||@]| cos(#), where 6 is the angle between ¢ and .

_T
Lt o=+

w7
2.2 =10 el (D)
vow =l v liw L
=|\ Vi I\ |\ wll
=0
Memorize
Theorem 11.24. Let ¥ and @ be nonzero vectors and let 8 the angle between @ and w. Then

6 = arccos (%) = arccos(? - W)
i Kl

Memorize
Theorem 11.25. The Dot Product Detects Orthogonality: Let ¢ and @ be nonzero

vectors. Then ¢ L « if and only if ¢ @ = 0.

Supplied

Definition 11.12. Let ¢’ and @ be nonzero vectors. The orthogonal projection of ¢ onto

w, denoted proj;(¥) is given by projz(v) = (v - w)w.

Supplied

Theorem 11.26. Alternate Formulas for Vector Projections: If ¥ and @ are nonzero

vectors then

5 e S U-w I U w
projy (V) = (¥ ) = (W) = (ﬂ

Example 11.9.4. Let ¥ = (1,8) and @ = (—1,2). Find 5 = proj(7), and plot 7, @ and 7 in

standard position.

Solution. We find 7@ = (1,8)-(—1,2) = (1) +16 = 15 and /- @ = (—1,2)- (=1,2) = 1+4 = 5.
= % (~1,2) = (—3,6). We plot #, @ and 7 below.
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-3-2-1 1

supplied

Theorem 11.27. Generalized Decomposition Theorem: Let ¢ and & be nonzero vectors.
There are unique vectors p and ¢ such that ¢ = p'+ ¢ where p = k@ for some scalar k, and

7@ =0.
Yo g r
3 P >
q w
\ 2
Supplied

Theorem 11.28. Work as a Dot Product: Suppose a constant force Fis applied along the
vector P_Q) The work W done by F' is given by

W = F - PQ = || F|| PG|l cos(6),

where 0 is the angle between F and }%

\)/O\V(’, 'H”e Sy dTehm 0:7[ [incov ?Zhn\’:o\qa

- :}) Substitution, elimination
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1 {/\/ =3 Jul, I‘mor 244 JLW'» "‘T
= to Q/Ml""ﬁ’/ x

(1.333,0.3333)

10

fl(x) =3-2-x

-6.66

8.1
Memorize

Theorem 8.1. Given a system of equations, the following moves will result in an equivalent
system of equations.

e Interchange the position of any two equations.
e Replace an equation with a nonzero multiple of itself.”

e Replace an equation with itself plus a nonzero multiple of another equation.

“That is, an equation which results from multiplying both sides of the equation by the same nonzero number

8.2
1 /=3
%Y= |

P 04 wew Yed Goal

lM’\'tY(')a ) q
BRI IR
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Showed how to compute rref on TI.



