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3.3 Real Zeros of Polynomials
3.3.3: Exercises
page 280 (392): 1, 31, 37,48
3.4 Complex Zeros and the Fundamental Theorem of Algebra
3.4.1 Exercises
page 295 (307): 1, 11, 13, 23, 27,50

4 Rational Functions

4.1 Introduction to Rational Functions
4.1.1 Exercises
page 314 (326): 1, 3, 12, 19

After class notes

In Exercises 31 - 33, use your calculator,” to help you find the real zeros of the polynomial. State

the multiplicity of each real zero.
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3.3:48

In Exercises 45 - 54, solve the polynomial inequality and state your answer using interval notation.
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3.3:31

In Exercises 31 - 33, use your calculator,” to help you find the real zeros of the polynomial. State
the multiplicity of each real zero.

31. f(x) = 2® — 6023 — 8022 + 960z + 2304

6340.34 1 v

(-4,0)
500 X

-7.78 1 (6,0) 12.22

£4(x)=x"—60- x> —80- x>+960- x-+2304

-4659.66

Quiz 3: finish this problem. Hint: use synthetic division.

solve(f4(x)=0,x) x=-4 or x=6

factor(f4(x)) ( —6) 2. (x+4) 3
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Gemini
2.5 Flash

Analysis & 1more Vv

The goal is to find the real zeros of the polynomial f(z) = z° — 60z® — 80z2 + 960z + 2304 and
state their multiplicities. Following the instructions to use a calculator (graphing utility) to find the zeros,
we can then use synthetic division to confirm and determine the multiplicities by repeated division.

Finding the Real Zeros

1. Use a graphing utility (calculator):
Graphing the polynomial f(x) reveals that the graph crosses or touches the x-axis at the following

integer values:

2. Confirm the Zeros with Synthetic Division and Determine Multiplicity:

We use synthetic division with the suspected zeros to find the factored form and the multiplicity of

each zero.
Test z = 6:
6|1 0 —60 —80 960 2304

6 36 —144 1344 —2304
1 6 —24 —224 -38¢ 0

Since the remainder is O, £ = 6 is a zero. The resulting quotient is ¢ (z) = z* + 623 — 2422 —
224z — 384.

Test z = 6 again on ¢ (x):

61 6 —24 —224 —384
6 72 288 384
|1 12 48 64 0

Since the remainder is O, z = 6 is a zero of multiplicity at least 2. The resulting quotient is g2 () =
x2 + 122% 4 48z + 64.
If we test x = 6 again on go(x), the remainder is not O, so the multiplicity is 2.
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0
Since the remainder is 0, z = —4 is a zero. The resulting quotient is g3 (z) = 2 + 8z + 16.
Test z = —4 again on g3():

The quadratic g3(x) = z2 + 8z + 16 is a perfect square: 2% + 8z + 16 = (z + 4)2.
This means the factor (z + 4) appears twice, so £ = —4 is a zero of multiplicity 2.

Final Factorization:
The polynomial is fully factored as:

f(@) = (z - 6)*(z +4)*(z — (-2))'

This is equivalent to:

f(2) = (z —6)*(z +4)*(z +2)

The total degree of the polynomial is 2 + 2 + 1 = 5, which matches the original degree.

Real Zero (z)  Multiplicity

| did not find x = -2. Did you make an error with this zero?

That's an excellent question to check! You're right to question the zero at £ = —2. Let's re-examine the

division to be sure. @

The last polynomial remaining after dividing out the zeros = 6 (multiplicity 2) and = —4 (multiplicity

1) was:

93(z) = z* + 8z + 16
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Wait, let me double-check my previous synthetic division for x = —4:

Zero Coef.of 22  Coef. of z2 Coef.ofz  Constant
—4 1 12 48 64
—4 —32 —64

Result 1 8 16 0

The resulting quadratic is indeed g3(z) = z2 + 8z + 16.

The resulting quadratic is indeed g3(z) = 2 + 8z + 16.
As stated, this quadratic factors as a perfect square: 2 + 8z + 16 = (z+ 4)2.
This means the factor (z + 4) is repeated, so z = —4 has a multiplicity of 2.

The full factorization is:

f(z) = (z — 6)*(z +4)%(z +4)

f(z) = (z - 6)*(z +4)°
The degree is 2 + 3 = 5, which is correct.
The zero x = —2 was an error in my final summary of the zeros. | apologize for the mistakel!

The correct real zeros and their multiplicities are:

Real Zero (z)  Multiplicity

Summary of Corrected Steps

The factorization of the polynomial f(z) = 2° — 60z3 — 80z% + 960z + 2304 is:

f(@) = (z —6)*(z +4)°

« Zeroatx = 6: The factor is (x — 6), and the exponent is 2. Multiplicity is 2.

o Zeroatx = —4:The factor is (x + 4), and the exponent is 3. Multiplicity is 3.

There is no real zero at x = —2.
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4.1
Memorize

Definition 4.1. A rational function is a function which is the ratio of polynomial functions.
Said differently, r is a rational function if it is of the form

where p and g are polynomial functions.®

“According to this definition, all polynomial functions are also rational functions. (Take g(x) = 1).

Memorize

Definition 4.2. The line z = ¢ is called a vertical asymptote of the graph of a function
y= f(z)ifasz — ¢~ or as & — c¢*, either f(x) — oo or f(z) — —o0.

Definition 4.3. The line y = c is called a horizontal asymptote of the graph of a function
y=f(z)ifasz — —oo or as ¢ — oo, f(z) = c
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Memorize this or my equivalent

Theorem 4.1. Location of Vertical Asymptotes and Holes:* Suppose r is a rational
function which can be written as r(z) = % where p and ¢ have no common zeros.” Let ¢ be a
real number which is not in the domain of r.

e If g(c) # 0, then the graph of y = r(z) has a hole at (c, %).

e If ¢(c) = 0, then the line x = ¢ is a vertical asymptote of the graph of y = r(x).

“Or, ‘How to tell your asymptote from a hole in the graph.’
*In other words, r(z) is in lowest terms.
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Memorize

Theorem 4.2. Location of Horizontal Asymptotes: Suppose r is a rational function and

) = f;% , where p and ¢ are polynomial functions with leading coefficients a and b, respectively.

a

e If the degree of p(r) is the same as the degree of g(z), then y = % is the” horizontal
asymptote of the graph of y = r(z).

o If the degree of p(x) is less than the degree of g(x), then y = 0 is the horizontal asymptote
of the graph of y = r(z).

o If the degree of p(z) is greater than the degree of g(z), then the graph of y = r(z) has no
horizontal asymptotes.

“The use of the definite article will be justified momentarily.

z
Find the horizontal asymptote for ,:F( x) = Zﬂ/ "‘ 336 ...)
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This is from calculus, and you are not responsible

for it. However, this shows why the first part of the
theorem is true.

Memorize

Definition 4.4. The line y = mz + b where m # 0 is called a slant asymptote of the graph
of a function y = f(x) if as * — —oo or as * — oo, f(x) — mz + b.

Memorize

Theorem 4.3. Determination of Slant Asymptotes: Suppose r is a rational function and
) = %, where the degree of p is exactly one more than the degree of q. Then the graph of

y = r(x) has the slant asymptote y = L(z) where L(z) is the quotient obtained by dividing
p(z) by g(x).

2
r\ = Z/J/,/B
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